We present a general approach for the analytic calculation of pure vibrational contributions to the molecular (hyper)polarizabilities at the density-functional level of theory. The analytic approach allows us to study large molecules, and we apply the new code to the study of the first dipole hyperpolarizabilities of retinal and related molecules. We investigate the importance of electron correlation as described by the B3LYP exchange-correlation functional on the pure vibrational and electronic hyperpolarizabilities, and compare the computed hyperpolarizabilities with available experimental data. The effects of electron correlation on the pure vibrational corrections vary signficantly even between these structurally very similar molecules, making it difficult to estimate these effects without explicit calculations at the density-functional theory level. As expected, the frequency-dependent first hyperpolarizability, which determines the experimentally observed second-harmonic generation, is dominated by the electronic term, whereas for the static hyperpolarizability the vibrational contribution is equally important. As a consequence, frequency extrapolation of the measured optical hyperpolarizabilities can only provide an estimate for the electronic contribution to the static hyperpolarizability, not its total value. The relative values of the hyperpolarizabilities for different molecules, obtained from the calculations, are in reasonable agreement with experimental data.
Introduction
A number of theoretical studies have demonstrated the importance of so-called pure vibrational contributions to (hyper)polarizabilities.
1 These contributions can in many cases be significant and in the static case even dominate over the electronic contribution to the hyperpolarizabilities. 2, 3 However, for optical frequencies these vibrational contributions are damped, and for processes only involving optical frequencies, such as second-harmonic generation, pure vibrational contributions are in most cases found to be negligible. This implies that the extrapolation procedure often used in experiment to extract static hyperpolarizabilities will never be able to recover the static hyperpolarizability, only the electronic contribution to the first hyperpolarizability. Theoretical studies of pure vibrational and electronic hyperpolarizabilities are thus required in order to shed light on the true static limit of nonlinear hyperpolarizabilities.
The pure vibrational contributions arise from excitations within the vibrational manifold of the electronic ground state instead of excitations within the manifold of electronic excited states, as is the case for the electronic contributions to the hyperpolarizabilites.
1
The perturbation theory approach by Bishop and Kirtman was a major step forward in order to allow pure vibrational contributions to the (hyper)polarizabilities to be studied in polyatomic molecules. 4, 5 By considering the geometry dependence of the electric dipole operator and performing a Taylor expansion of the potential energy surface around the equilibrium geometry, they provided expressions for both harmonic and anharmonic contributions to the pure vibrational contributions at different orders. Their analysis in particular demonstrated that the double-harmonic pure vibrational corrections to the hyperpolarizabilities are determined by geometrical gradients of lower-order (hyper)polarizabilities and the dipole moment gradients.
Analytic implementations of dipole moment gradients and polarizability gradients were developed at the Hartree-Fock (HF) level of theory as early as 1992 by Handy and coworkers. 6 However, for the study of pure vibrational hyperpolarizabilities, Quinet and Champagne were the first to present an implementation of frequency-dependent (hyper)polarizability gradients applied to the study of the pure vibrational contributions to the (hyper)polarizabilities.
7,8
Dipole and polarizability gradients have also been implemented for correlated wave functions such as the coupled-cluster wave function. 
Theory
The vibrational polarizability and first-order hyperpolarizability are calculated using the perturbation theory approach developed by Bishop and Kirtman. 4, 5, 23 For completeness, we will here briefly summarize the essential formulas used in our work, highlighting the quantities that we are interested in. We start from the sum-over-states expressions for the (hyper)polarizabilities, for which the polarizability and first-order hyperpolarizability can be written as
where P −σ,1(,2) denotes the possible permutations of the electric dipole moment components (μ α ,μ β , andμ γ ) and their associated frequencies (−ω σ , ω 1 , and ω 2 ). The capital letters K and L represent the electronic states, whereas k and l refer to the vibrational states. The primes on the summations indicate that we exclude the ground vibronic state |0, 0 . The energy ω kK corresponds to the excitation energy from the ground state to the vibronic state
The pure vibrational contributions to the polarizability will be obtained by setting K = 0, 4 that is, we only consider excitations within the vibrational manifold
where ω k0 has been simplified as ω k and where the notation (µ α ) 0k ≡ 0|µ 00 α |k is used for the vibrational transition matrix element of the electronic dipole moment µ 00 α ≡ 0|μ α |0
between the lowest and the k'th vibrational states for the ground electronic state.
The pure vibrational contribution to the hyperpolarizability contains three terms:
where we have used the approximation
and the notation µ The third term in β
, and the sum of the first and second terms is the so-called [µα] contribution, 23 which becomes
when the applied frequencies and their combinations are far away from electronic resonances and we can apply the approximation (
In Eq. (6), we have also introduced
with
being the static electronic polarizability.
The vibrational transition matrix elements, such as (µ α ) 0k and (α βγ ) k0 defined in the aforementioned equations, can be calculated by expanding the electronic dipole moment, polarizability, and vibrational potential in displacements along the normal coordinates (q v )
around the equilibrium geometry. 4, 23 In the double-harmonic approximation, only [µ 2 ] and
[µα] contribute to the polarizability and the first-order hyperpolarizability, respectively,
where the frequency terms are defined as functions, in which a static field (that is, with a zero frequency) has been employed. In the case of dynamic fields, as shown in Eqs. (11) and (12), the frequency of the external field only enters the terms λ ±σ v . The evaluation of the geometric derivatives of polarizabilities and hyperpolarizabilities hence follow the same procedure as in the static case-being obtained as the derivatives of the quasienergy Q. 14 Here we extend our implementation of the dipole and polarizability gradients to the density-functional level of theory.
At the DFT level, with an externally applied electric field F , the derivative of Q with respect to a displacement q v (the gradient) is given by
where h nuc is the nuclear repulsion energy, − F · µ nuc is the interaction energy obtained from the interaction of the external field with the nuclei, h is the one-electron Hamiltonian (kinetic energy and nuclear attraction) integral matrix, − F · µ are the electron-electric field (dipole) interaction integrals, G is the two-electron (Coulomb and [γ fractional] ex-
χ * µ (r 2 )χ ν (r 2 )dr 1 dr 2 over basis functions χ's, D is the atomic orbital (AO) density matrix (dependent variable), and S is the AO overlap matrix, and where we have also introduced a superscript notation for the differentiated quantities.
W in Eq. (14) is the so-called "energy-weighted density matrix", 14 given by the formula
We note that although the two last terms vanish for the (time-independent) unperturbed state, perturbation by a time-dependent F will induce a time-dependent perturbed D, and thus nonzero contributions to the perturbed W.
F xc in Eq. (14) is the exchange-correlation (XC) potential matrix, defined within the adiabatic approximation as
where Ω κλ (r) is the overlap distribution of the basis functions χ κ and χ λ
and v xc (r) is the XC potential defined as the functional derivative of the XC energy E xc with respect to the density n(r)
In this work we employ an XC energy E xc defined as the integral over a local function xc (r) that depends on the density n(r) and its Cartesian gradient ∇n(r) E xc (r) = dr xc (n(r), ∇n(r)).
The XC energy and the XC potential matrix are integrated on a numerical grid defined by a set of suitably chosen grid points r i and grid weights w i , according to
In this work we use a standard grid and when differentiating the XC energy and the XC potential matrix we ignore the contribution from the grid-weight derivatives. This approximation has been validated by comparison with finite difference results.
Formulas for the electric dipole and polarizability gradients are obtained by differentiating the gradient in Eq. (14) once and twice, respectively, with respect to F , while taking the dependence of D on F into account, and evaluating the resulting equations at F = 0
We note that these gradients are evaluated in Cartesian nuclear coordinates, and then transformed to normal coordinates for the vibrational analysis.
Let us briefly comment on the evaluation of the XC contributions E (20)). To evaluate these XC energy density derivatives, we first compute the unperturbed densities n(r) and density gradients ∇n(r) and their derivatives with respect to the applied perturbations n v (r),
and their Cartesian gradients according to
In this work we do not form 
spectively. This scheme is easily extensible to higher orders and to XC functionals that depend on additional density variables.
The electronic polarizability α αβ (−ω σ ; ω 1 ) and first-order hyperpolarizability β αβγ (−ω σ ; ω 1 , ω 2 )
are also derivatives of the quasienergy and given by
Although of the same order as the gradients in Eqs. (22)- (23), these formulas are much simpler because the AOs do not depend on F , whereas they do depend on q v .
The first-and second-order perturbed density matrices in Eqs. (22)- (29) 
Results
The results will be reported for the isotropic averages, defined by the equations
where η = x, y, z and the Z axis is determined by the direction of the dipole moment (we note that this definition of the hyperpolarizability includes its sign, not determined in experiment 22 ). We shall discuss only the static hyperpolarizability and the second-harmonic generation process β SHG = β(−2ω; ω, ω). Our discussion of correlation effects will focus on these effects on the pure vibrational contributions as described by DFT using the Becke's threeparameter exchange functional 28 and the Lee-Yang-Parr (LYP) correlation functional 29 in the form of the B3LYP functional, 30 as correlation effects as described by DFT on the electronic hyperpolarizabilities have already been discussed in a number of different studies.
31-35
We have optimised molecular geometries for the all-trans structures, using the B3LYP functional and the Turbomole-TZV2P basis set, 36 and at this computational level we have also determined the molecular Hessian, used in the analysis of the vibrational (hyper)polarizabilities.
The calculation of electronic and pure vibrational contributions to the (hyper)polarizabilities have been calculated using the Sadlej-pVTZ 37 basis set at the Hartree-Fock and density functional level of theory using the B3LYP functional.
Polarizability
Electronic and vibrational contributions to the dipole polarizability are shown in Table 1 between the dynamic and static polarizabilities as
Here we have used the fact that the frequency ω in our studies is usually larger than that of the vibrational mode v. Therefore, the vibrational contributions for the dynamic polarizabilities are generally one to three order of magnitude smaller than those for the static polarizabilities in our studies, and also have a change of sign as clearly shown in Table 1 . Another important observation is that in most cases B3LYP gives only a slightly smaller pure vibrational polarizability than Hartree-Fock for retinal, retinoic acid and retinal Schiff base. In contrast, for retinol, vitamin A acetate and protonated retinal Schiff base, B3LYP reduces the magnitude of the pure vibrational corrections to the static polarizability by a factor of 2-3, despite the very minor differences in the structure compared to the three other molecules.
First hyperpolarizability
We will discuss the electronic and vibrational contributions to the first hyperpolarizability collected in Table 2 and compare them to available experimental data. As for the polarizabilities, the vibrational contributions at the frequencies of interest are practically negligible for the SHG process, and we thus begin the discussion and comparison with experiment focusing on the electronic contributions. 
Electronic hyperpolarizabilities
As already mentioned, the experimental data are obtained with respect to a reference compound, and the absolute values of the hyperpolarizabilities are not really known. Another comparison of the computed and measured quantities is thus given in Table 3 , where all the static hyperpolarizabilities have been defined with respect to the corresponding retinal value. overestimates the excitation energies whereas DFT underestimates the excitation energies.
The fact that HF agrees better with experiment at 1064 nm than DFT may suggest that we are seeing indications of the well-known DFT catastrophe for long, conjugated systems.
39
Electron correlation effects as described by the B3LYP functional are in general much larger for the first hyperpolarizability than for the polarizability, also for the static value, the B3LYP hyperpolarizability being in general 2.5-5 times larger than at the Hartree-Fock level of theory. Interestingly, the exception to this rule is the protonated retinal Schiff base, where B3LYP actually gives a smaller value for the hyperpolarizability than Hartree-Fock.
Including frequencies, the differences between Hartree-Fock and B3LYP increase, at 1064 nm the B3LYP results being in general 6-8 times larger than Hartree-Fock, with the exceptional case being the vitamin A acetate where the B3LYP first hyperpolarizability not only is 20
times larger than at the Hartree-Fock level of theory, but also has the opposite sign. For this molecule, there is a delicate interplay between the contributing channels to the calculated electronic hyperpolarizability. The results for the protonated retinal Schiff base at 1064 nm is once again a consequence of the near-resonance conditions at 2ω.
Vibrational hyperpolarizabilities
The vibrational contributions to the first hyperpolarizability, shown in Table 2 , are somewhat more important than the corresponding contributions to the polarizability. They vary smoothly with the frequency and at 1907 nm reach ≈20% of the electronic contribution (with, for most molecules, opposite sign). In principle, the experimental values represent the total hyperpolarizability. However, considering all the difficulties in determing the absolute value of the hyperpolarizability from experiment, the role of the solvent, and all the approximations made in the theory for extracting the hyperpolarizabilities from the experimental measurements, it is practically impossible to obtain from the comparison of computed and measured values any information on the vibrational terms.
On the other hand, the vibrational contribution to the static hyperpolarizabilities is very large. Whereas for the polarizability it was of a similar magnitude as the electronic term, for the hyperpolarizability it is clearly dominant for each molecule. In this case, the electronic terms are almost negligible, but-as discussed above-there are no experimental data for the total static hyperpolarizabilities, the extrapolation from frequency-dependent values yields only the electronic part.
We note that whereas the pure vibrational contribution to the polarizability by necessity of its form (see Eq. (11)) has to have the same sign at any optical frequency (since these are larger than the vibrational frequency), the pure vibrational contribution to the first hyperpolarizability can be of either sign. This is also reflected in the calculated pure vibrational contributions where no clear trends can be observed, which is surprising considering the very close structural features of the molecules investigated. We note in particular that for both the static and the frequency-dependent pure vibrational contribution to retinol, a change of sign is observed when going from Hartree-Fock to B3LYP. The protonated Schiff base also displays very large electron correlation effects on the pure vibrational contribution to the static first hyperpolarizability, reducing the Hartree-Fock value by almost a factor of four. These results illustrate that it in general can be difficult to predict the effects of electron correlation on the pure vibrational contributions, even for a class of structurally related molecules. Explicit calculations including electron correlation effects, such as DFT, is therefore advisable. The analytic scheme presented here allows such calculations to be efficiently performed also for large molecules at the density-functional level of theory.
Conclusions
We have presented an analytic implementation of pure vibrational contributions to the polarizability and first hyperpolarizability at the density functional level of theory. The approach is based on a recursive implementation of a density-matrix-based approach for calculating higher-order molecular properties, using automatic differentiation to evaluate the exchangecorrelation kernels.
We have studied the electronic and vibrational contributions to the first dipole hyperpolarizabilities of retinal and related molecules. The frequency-dependent first hyperpolarizability, which determines the second-harmonic generation, is dominated by the electronic terms.
The absolute values of the hyperpolarizabilities are difficult to determine from experimental data, but their relative values obtained from the calculations are in reasonable agreement with experiment. In particular, the value computed for the protonated retinal Schiff base isin agreement with experiment-significantly larger than for any other molecule considered (the dispersion effects are also the largest for PRSB). We note, however, that the computed hyperpolarizabilities are in better agreement with previously published semi-empirical results than with experimental data, and the previously observed differences with respect to experiment are not removed in the approach we have used.
In the analysis of static hyperpolarizabilities it is essential to include the vibrational contributions. These terms do not significantly affect the SHG values or the dispersion at frequencies of experimental interest, but the extrapolation to zero frequency of the measured optical hyperpolarizabilities provides only an estimate of the corresponding electronic con-tribution. For the static dipole hyperpolarizability, as is well known and also shown by the calculations, the vibrational contribution may be equally important to or even larger than the electronic term. We have demonstrated that the electron correlation effects vary significantly for the pure vibrational corrections to the static first hyperpolarizability, illustrating the need for analytic schemes for (hyper)polarizability derivatives at the DFT level of theory.
